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Abstract

We prove! that the logic circuit language d-DNNF is not polynomially closed under negation,
resolving a question first posed by Darwiche and Marquis in 2001 [23]. d-DNNF circuits restrict
negation to inputs, AND gates to disjoint variable sets, and OR gates to mutually exclusive cases,
allowing efficient counting of satisfying assignments. The seminal knowledge compilation map’s
transformation table left only this closure problem open [24, Table 7]. More precisely, we prove that
there are Boolean functions on m variables with d-DNNFs of size O(m) whose negations require
quasipolynomially larger general DNNFs of size m(°8™) even when determinism is dropped from
the output representation. We give a detailed tutorial proof, adapting the unambiguous DNF
construction and matrix argument of Pabbaraju [58], and an end-to-end Lean formalization of the
nonclosure theorem. As a logic circuit corollary, extensions of d-DNNF and its structured variants with
internal negation, proposed repeatedly in the literature [11, 39, 54, 57, 78], admit superpolynomially
smaller representations than DNNF. As an arithmetic circuit corollary, representing the missing
multilinear monomials of a polynomial can require a quasipolynomial increase in monotone circuit size.
Further corollaries show that converting decomposable probabilistic circuits to nonnegative form,
complementing unambiguous grammars, and replacing unambiguous finite automata by deterministic
pushdown automata can each require a quasipolynomial size increase.

*This paper builds on contributions by Oliver Broadrick. He has not yet agreed to be an author, but has agreed to the
circulation of this note.

IThis proof was developed with substantial Al assistance. At the time of writing, scientific standards for Al-assisted
theoretical results are not yet settled. We have chosen to take three steps:

1. We have carefully checked the claims and proofs in this paper and take full responsibility for their correctness.

2. We have presented the proof as a detailed tutorial requiring little background beyond undergraduate mathematics.
Footnotes throughout the proof highlight connections to more advanced topics. The tutorial proof aims to make the
reasoning and the ideas behind the construction accessible to human readers, motivated by Tao’s view that “A proof that
no human can properly explain should be viewed as incomplete, even if it has been formally verified” [74, Section 8].

3. Readers can check the nonclosure claim by inspecting a short formal trust boundary: the Lean definitions and theorem
statement explained in Appendix A. If these express the intended claim, the machine-checked proof establishes it, assuming
the correctness of Lean’s kernel. Readers who also want to formally check that the theorem holds for the reasons given in
the tutorial proof can compare the two proofs: each statement links to its Lean formalization.
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1 Introduction

Knowledge compilation studies representations of Boolean functions that support efficient queries and
transformations [24, 67]. A basic transformation is negation: how much larger must a representation
become when a function is replaced by its complement? Many circuit representations, including FBDDs
and OBDDs [80], SDDs [22], and TDDs [14], support negation in polynomial time. We study the more
general circuit language d-DNNF.

A negation normal form (NNF) circuit is a directed acyclic graph whose inputs are Boolean literals
and constants and whose internal gates are AND or OR gates with any number of inputs. The circuit is
decomposable when the inputs to every AND gate mention disjoint sets of variables. It is deterministic
when distinct inputs to every OR gate cannot be true on the same assignment. DNNF imposes the
first condition, while d-DNNF imposes both. These restrictions make counting satisfying assignments
polynomial in the circuit size [24]. Over the past decades, -DNNF has become the language for exact
model counting. Many solvers construct these circuits explicitly [21, 42, 47, 51, 59] or implicitly through
search [37]. Weighted model counting on these circuits also underlies exact inference in probabilistic
graphical models [25, 26, 66] and probabilistic programs [30, 36].

Darwiche and Marquis asked whether d-DNNF is polynomially closed under negation: can every
d-DNNF be replaced by one for its complement with only a polynomial increase in size [23]? In their
seminal knowledge compilation map’s transformation table [24, Table 7], the corresponding entries for
(smooth) d-DNNF were the only open question marks. The question has been repeatedly restated in
subsequent work [1, 2, 4, 13, 15, 27, 29, 37, 39, 40, 43, 46, 48, 52, 53, 59, 60, 70, 71, 73, 76-78|.

Vinall-Smeeth [76] made important progress toward resolving this question by proving nonclosure
under negation for structured d-DNNF's, a case also left open in earlier work [8, 60]. In these circuits, a
variable tree constrains how AND gates partition the variables. Vinall-Smeeth’s lower bound applies to
structured DNNF's for the negation with any variable tree. This did not settle the original question, since
the negations might still have admitted small unstructured d-DNNFs.

Numerous papers have also proposed allowing internal negation in d-DNNF, directly or through signed
operations: c¢d-PDAG [78], d-DNNF™ [39], d-D [54], POGs [11], and st-DASCs [57]. With negation
closure still unresolved, it remained unclear whether such extensions admit superpolynomially smaller
representations than classic d-DNNF [3, 28, 54, 78].

Our result. We resolve the d-DNNF negation question by constructing functions with small d-DNNFs
whose negations require quasipolynomially larger DNNFs. The lower bound allows the output circuit to
abandon both determinism and any common variable tree. To state the result precisely, we define the size
|C| of a circuit C to be its number of edges plus one. Thus a single literal or constant has size one. For a
Boolean function f, DNNF-size(f) and d-DNNF-size(f) denote the least size of a DNNF, respectively a
d-DNNF, computing f.

NOII-ClOSLlI‘e under negation v/ Separation: nonclosure_under_negation
Theorem 1. For arbitrarily large m, there is a Boolean function H : {0,1}™ — {0, 1} such that
d-DNNF-size(H) = O(m), =~ DNNF-size(—~H) = mS1s™),

Thus the negations require at least quasipolynomial size even as general DNNFs. In particular,
d-DNNF is not polynomially closed under negation.

Smoothness requires the inputs of each OR gate to mention the same variables and can be imposed
with polynomial overhead [24, 68]. Thus smooth d-DNNF is also not polynomially closed under negation,
settling its open question mark in the knowledge compilation map.
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Consequences. The separation explains what is gained by allowing negation inside a circuit. Adding
just one NOT gate to our small d-DNNF gives a small representation of its complement. Eliminating
that gate requires a superpolynomial increase in size, even if the resulting circuit need only be a DNNF
(Corollary 33). Thus such extensions admit superpolynomially smaller representations than DNNF.

Arithmetic circuits compute polynomials using addition and multiplication gates [69]. Valiant showed
that subtraction can yield exponential savings over monotone arithmetic circuits [75], and later work
obtains such separations even with syntactically multilinear circuits [17, 19]. Our arithmetic corollary
concerns a specific subtraction: complementing a monomial set. We give a multilinear polynomial with 0/1
coefficients and a small monotone circuit, using only nonnegative constants. One subtraction computes its
missing multilinear monomials, but every monotone circuit for them is quasipolynomially larger, regardless
of their positive coefficients (Corollary 35).

Probabilistic circuits represent probability distributions using sum and product gates [20]. The
analogous question is whether negative weights give more succinct representations of these distributions.
Here decomposability imposes the same disjoint-variable condition at products. Loconte et al. [49] prove
exponential savings over structured-decomposable nonnegative circuits. We put a uniform distribution
on the complement of the models of our small d-DNNF. One subtraction suffices for a small structured-
decomposable circuit, but every nonnegative decomposable circuit for this distribution is quasipolynomially
larger, even when its decompositions need not follow a fixed variable tree (Corollary 36).

Reading assignments as words connects our result to automata and grammars [38]. Our functions yield
finite languages with small unambiguous finite automata, but their complements require quasipolynomially
larger context-free grammars. Even for the original languages, replacing unambiguous choice by a
deterministic pushdown automaton requires a quasipolynomial increase in size: access to a stack does not
make up for the restriction to deterministic computation (Corollaries 37 and 38).

The upper bound also holds for unambiguous OBDDs, which read variables in a fixed order and allow
nondeterministic choices with at most one accepting computation per assignment [7]. In particular, there
are unambiguous OBDDs whose negations have no DNNF representations of polynomially related size
(Corollary 34). The small OBDDs exist in every variable order.

Proof idea. Our proof starts from progress on a related question: how much can negation increase
unambiguous DNF width? A DNF is unambiguous if no assignment satisfies two of its terms, and its width
is the largest number of literals in a term. Pabbaraju [58] constructs unambiguous DNFs of width O(n)
whose negations require DNF width Q(n?), achieving the optimal quadratic gap without the logarithmic
losses in earlier bounds [5]. We adapt his construction and matrix argument. The challenge is to turn a
lower bound against short DNF terms into a lower bound against DNNF's, which can combine and share
many smaller computations.
We do this by constructing functions L,, with the following bounds.

The hard function before padding v  Separation: negation_separation

Lemma 2. There is a family of Boolean functions L, on ©(n?) variables such that

d-DNNFsize(L,,) = 20, DNNF-size(~L,) = 22",

Padding gives Theorem 1: it makes the d-DNNF size at most the new input length and preserves the
lower bound. A circuit for the padded function’s negation would give one for —L,, by fixing the unused
variables. Appendix B.1 gives the details.

Construction. Our function consists of three layers, shown in Figure 1. We start with an unambiguous
DNF [, adapted from Pabbaraju’s construction. Each of its input variables is replaced by a copy of a
four-bit Boolean function (), giving an intermediate function F,,. Finally, take a Boolean input vector z.
A binary matrix £ produces Ex, with arithmetic modulo 2; the resulting bits supply the four-bit inputs
to the copies of ). We define L, (z) = I, (Ex).
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Linear Four-bit Unambiguous

transformation functions DNF
4 bits ( 0 l 1 bit
L J
N bits 4 bits ~ ) 1 bit 1 bit
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Q
— 4 bits 1 bit —

Intermediate function F),

Figure 1: The three layers of L,,, evaluated from left to right. Here N = ©(n?) is the number of input
variables. The linear transformation E supplies one four-bit block to each copy of @); the DNF f,, combines
their one-bit outputs. The copies of ) together with f,, form the intermediate function F,,. Section 2.1
defines the block index u € Q.

The DNF layer supplies the small representation. It has 2™ mutually exclusive terms, each containing
O(n) literals. Even after replacing its variables by four-bit functions fed by the linear transformation,
each term has a d-DNNF of size 29", The terms remain mutually exclusive, so their disjunction is a
d-DNNF of size 20, Section 2 constructs the three layers and proves this upper bound.

Lower bound. A small DNNF for —L,, would cover the zeros of L, with few balanced rectangles [10].
A rectangle independently combines assignments on two groups partitioning the variables; it is balanced
when each group contains at least a third of the variables. We exhibit a fixed set of zeros such that every
balanced rectangle containing only zeros of L, contains only an exponentially small fraction of this set.
Covering this set therefore requires many rectangles, even when different rectangles use different partitions.

The four-bit layer makes it possible to bound the zeros accessible to a rectangle. Following Pabbaraju,
we construct a nonnegative matrix K indexed by inputs to F,, such that

Fola+b)=0 = K(a,b)=0,

where addition is modulo 2 in each coordinate. The freedom to assign weights to the four-bit inputs allows
us to control the eigenvalues of this matrix. We use that control to show that a set I with F,(a +0) =0
for all a,b € I must occupy an exponentially small fraction of the input space. We call I x I a zero square;
it is also all zero in K. Section 3 proves this bound.

To apply this bound across different variable partitions, we choose E so that varying any set of at
least a third of the input variables, while fixing the others, reaches a constant fraction of all possible joint
inputs to the () blocks. Section 4.1 proves that such a transformation exists.

Section 4 combines the matrix bound with the encoder property to establish the required bound on
the fraction of zeros covered by each rectangle.

Sections 2, 3, and 4 present the proof as a detailed tutorial, with each statement linked to its Lean
formalization. Section 5 develops the corollaries in more detail, and Section 6 concludes.

2 Constructing the Boolean function

Fix an integer n > 1. We construct L,, and prove the small d-DNNF upper bound in Lemma 2.

2.1 Mutually exclusive DNF terms

The terms below adapt a construction of Pabbaraju [58].



Coordinates, buckets, and label orders Lean: RankOrders

Definition 3. Let [n]o = {0,...,n — 1}. The set of Boolean coordinates is the Cartesian product,
or n-by-n grid,
Q= [nlo x[o, I9]=n
~— ~—
bucket index  label

We partition this grid into its n rows, which we call buckets. For each i € [n]y, let

Thus a Boolean coordinate is a pair (i,a): the first component names its bucket, and the second is a
label within that bucket. Every bucket has its own copy of the same label set [n],. We choose n
ways of ranking those common labels:

(ﬂ—r)re[n]m Top 2 [n}O — [n]O-

Think of each permutation 7, as a label order that can be applied to the labels in any bucket. The
number 7,(a) is the rank of label « in that order.

For every bucket index i and every nonempty set of labels S C [n]y, define one DNF term. Its positive
positions are the copies of those labels in B;:

P s ={(i,a) :a € S} C B,.

Thus S itself contains labels a € [n]y, not coordinate pairs. The map S +— P; s selects exactly the
coordinates (7, a) of the already defined bucket B; whose label a belongs to S.
For every label order 7 and every nonempty label set .S, define the cutoff

M, (S) = {lnelg m(a).

Now fix j # i. For the DNF term indexed by (i,5), we call B, the source bucket and B; a target
bucket. Some coordinates of B; will index negative literals in the DNF term defined later; we denote their

set by Azﬁj(S)
The target’s label order 7; determines the cutoff M, (S5). The source’s label order 7; orders the labels
in the target bucket B;. The set A;_.;(5) is the prefix ending at that cutoff:
Ai;(S) ={(j,b) € By : mi(b) < My, (9)}.

Example Computing one target-bucket prefix

Suppose S contains the labels {0,2,5} and the target label order gives
7;(0) = 4, m;(2) =1, 7;(5) = 3.
Then M, (S) = 1. If the labels {3, 1} have ranks 0 and 1 under 7;, then
Ai;(8) ={(,3), (4, 1)}-

The other values of the label orders do not affect this set.

L

The full negative set is

Nis = (Bi\ Pis) U Ain(9).
i#i
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It is disjoint from P; s: the first part is its complement inside B;, and all the sets A;_,;(5) lie in other
buckets. The corresponding term of the Boolean DNF is the conjunction

Ti,S(y): /\ Yu A /\ Yy - (21)

u€P; s vEN;, s

Example One DNF term: source bucket and one target bucket
Bi @@@@@@ selected labels S = {0,2,5}

numeric label order

- Orii @@@@@ prefix labels {3, 1}

negative-literal positions A;_,;(S)

Circle numbers are labels. Blue requires the variable to be 1, red requires it to be 0, and white leaves
it free. Since B; is shown in 7; order, its red segment is exactly A;_.;(5).

The negative literals enforce two restrictions. Inside B;, they make the DNF term select exactly the
pattern P; . The prefixes in the other buckets prevent DNF terms from different buckets from being true

together. We first make the latter statement precise.

Distinct outer terms are mutually exclusive v OuterDNF: distinct_terms_conflict

Lemma 4. For every choice of the label orders, any two distinct term indices (i,S) and (i',5),
where @ # S, S C [n]y, satisfy

(i,9) # (',8") = (P,sNNig #2) or (Pir,g N N; g # D). (2.2)

Example Two terms that clash

Take n = 6 and distinct bucket indices 4,4’, and list the labels in increasing rank under each label

order:

mi:3<1<0<2=<4<5, my:4<2<1<5<0<3.

Compare T; s for S ={0,2,5} with T} ¢ for S” = {0,2,4}. The label in S of smallest 7;/-rank is
a, = 2, and the label in S” of smallest 7;-rank is b. = 0. Thus 7y (a,) = 1 < 2 = 7;(b.). The
corresponding intersection is

Ai’%i(Sl) N Pi,S = {(i74)7 (ia 2)7 (iv 1)} N {(Lv O)» (ia 2)7 (i’ 5)} = {(Lv 2)}

Thus the two DNF terms contain the opposite literals y; ») and —y(; 2.

Proof of Lemma 4. First consider two terms in the same bucket. Their label sets S and S’ are distinct,
so one of them contains a label omitted by the other; say a € S\ S”. The coordinate (i,a) is positive in
T; s, and it is negative in 7; g because every unselected label of the own bucket is negative there.

Now consider T; s and T}, g with ¢ # i’. Choose a, € S of smallest 7;-rank and b, € S’ of smallest
m;-rank. Because a, € S and b, € S, the coordinate (i,a.) is positive in the first term, and (i’,0.) is
positive in the second. We show that at least one of these coordinates is negative in the other term.
The chosen labels attain the minima in the negative-prefix definitions:

Ao (8) = {(0) b€ Inloy mi(B) < M (5) = 7 (a)),
Ay (8" ={(i,a) 1 a € [n]o, mi(a) < My, (S") =m;i(bs)}

Substituting b = b, in the first set and @ = . in the second gives the two possible conflicts:

mi(be) < mir(an) = (i',b.) € Aisir (S) N P sy,
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mir(ay) <mi(b.) = (i,a.) € Ay i(S")N P g.

At least one of these inequalities holds, so the two terms require opposite values at a common coordinate.
This proves Lemma 4. O

2.2 A short unambiguous DNF

Our final DNF retains the terms indexed by label sets with at least n/3 labels.? In a random label order,
a label from such a large set usually appears near the beginning, so its cutoff is usually small. Across n
independent label orders, a large total cutoff length is sufficiently unlikely that some choice of label orders
keeps every retained term short.

One choice of label orders makes every term short Vv OuterDNF: every_term_short

Lemma 5. There is a choice of the n label orders such that, for every i € [n]o and every S C [n]y
with 3 - |S| > n,
|P,:7S| —|— |N,;’5| S 10n (23)

Proof. For any fixed choice of label orders, the source bucket contributes exactly n literals: |S| positive
and n — | S| negative. For each target bucket j # 4, the prefix definition gives

|Ai—,;(S)| = migmrj(a,) +1= M, (5)+1.
a€s
To bound the widths for every source bucket at once, sum all n cutoff lengths, including the one with
Jj=u

C(S) = Y (M, () +1).

Jj€[n]o
The width of each term is therefore bounded by
|Psl+ Nisl =n+ Y [Ai;(S)] < n+C(S). (2.4)
J#i

It is enough to choose label orders with C(S) < 9n for every label set with at least n/3 labels. We will
find such orders by sampling them at random.

Fix a label set S C [n]y with 3 - |S| > n, and now sample 7 uniformly from all label orders. Then the
already defined M, (.9) is a random variable, and the event M, (S) > ¢ says that none of the first ¢ positions,
namely ranks 0,1,...,¢t — 1, belongs to S. Write s = |S| and first consider an integer 0 <t <n—s. A
label order is determined by listing the labels at ranks 0,1,...,7 — 1 in turn, and every list of n distinct
labels occurs once. The lists whose first ¢ entries avoid S are counted by choosing those entries first: there
are n — s choices for rank 0, then n — s —1 for rank 1, and so on down to n—s—t+1 for rank ¢ — 1, and the
remaining n —t ranks can be filled in (n —¢)! ways. Dividing by the total n! = n(n—1)--- (n—t+1) (n—1)!
gives the exact value?

t—1 .
- n-s-J
Prﬂ[Mﬂ(S)zt]_H e
=0
For each j in the product, .
n-s—j_,__5 _q_85_nzs
n—j n—j n n

Since we have assumed that s > n/3, each factor is at most 2/3. For ¢ > n — s, the probability is zero:
there are not enough labels outside S to fill the first ¢ positions. Thus for every integer ¢ > 0,

Pr.[M.(S) > t] < (n — 5>t < (;)t (2.5)

n

2Pabbaraju’s construction instead uses label sets of exactly |n/2] labels [58].
3 M (S) is the minimum order statistic of a uniformly random s-element subset of the n ranks, and its tail is the survival
probability for a negative hypergeometric random variable.
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To turn (2.5) into an exponential-moment bound, put X = M, (S). Recall the finite geometric-sum
identity

rpXtl 1

X
1_~_T+...+7~X:Zrt:7,r71 .
t=0

First isolate the power that we need:

X
Xt =1+(r—1 Zrt
t=0

0 S R

t=0 t=1

Now set r = 5/4:

Taking expectations, the tth summand appears exactly on the event X > ¢t. By (2.5), that event has
probability at most (2/3)f. Hence the resulting series is geometric:

(i)XH] + = ;( > Pr.[X >

E,

»Jk\C)T

5 1 5 2\ 5 1 5\
<4z S.2) =24 2
=31 (4 3) 4+4Z<6>
t>1 t>1
5 1 5/6 5
=24 =2 <3 2.6
173 1-5/6 2° (26)
Choose the n label orders (7;) e[n), independently. Write 7 = (7o, ..., 7, 1) for this random tuple.

For each fixed S, the quantity C(5) is now a random variable: it is the total of the n cutoff lengths
determined by the sampled label orders. Exponentiating the defining sum turns it into a product of
independent factors. Substituting X = A, (S) in (2.6) bounds the expectation of each factor by 3, so

6] e [

J€[nlo

Markov’s inequality says that Pr[Y > a

] < E[Y]/a for every nonnegative random variable Y and
every a > 0. Apply it here with Y = (5/4)¢(%)

and a = (5/4)%™:

EA[(5/4)°¢) _ 3"
(5/4% = (5/4

Pr,[C(S) > 9n] <

The subscript records that only the tuple of label orders is random. For each fixed S with 3 -|S| > n, the
inequality C'(S) > 9n defines one bad event for the same random tuple of label orders. There are fewer
than 2™ such events, so a union bound gives

2n3n 6 "
Pr |35 C[nlo: 3-|5| > d C(5)>9n| < = 1.
(35 S o 311512 and 0(5) > 9n] < e = (7)<
The final inequality holds because (5/4)° > 6. Therefore some single tuple of label orders avoids every bad

event: for that tuple, C'(S) < 9n for every label set with at least n/3 labels. Fix this tuple. Equation (2.4)
now bounds every retained term’s width by n 4+ 9n = 10n. This proves Lemma 5. O



The outer Boolean function Lean: OuterDNF

Definition 6. Fix a tuple of label orders satisfying Lemma 5. Define the Boolean function

Lyy=V V Tsw@), vye{o,1} (2.7)
i€[n]o SC[n]o
3[S|>n

The DNF has at most n2" = 29" terms, each of width O(n). Lemma 4 says that no input satisfies
two different terms, so this DNF is unambiguous. Also every label set in the family is nonempty, so every
term contains a positive literal. Hence

[2(0%) =0. (2.8)

Each term has a particularly simple satisfying input. If 1p, ; denotes the Boolean vector that is 1
exactly on F; s, then it satisfies 7; s: it is 1 on every positive position and 0 everywhere else. Therefore

fn(ll’/,.s) =L (2-9)

2.3 Replacing each Boolean coordinate by four bits

We construct F,, from f,, by replacing each input bit with a function @ of four bits. The four-bit inputs
belong to
V =TFy% x Fy2.

Here Fy = {0, 1} is the two-element field, so a value in V is a four-bit string viewed as a pair of two-bit
halves. Addition is bitwise XOR; every value is therefore its own negative. Write one four-bit string as
(w,w") € V, where w,w’ € F»2, and define the inner product of its two halves:*

Q((w,w")) = wiw'y + wew's mod 2. (2.10)
[ The values of Q

w\w’ 00 01 10 11

The cell in row w and column w’ shows Q((w,w’)). The row 0 [o]fo o]0
and column together specify one four-bit input. The framed 01 [0 |[1][O0][1
corner is the input (00, 00). 10 0o 0o 1 |1

11 0 1 1 0

Now apply @ across all n? coordinates. Write
G=V"

An element of (G assigns one four-bit string to every coordinate, and vectors in G are added coordinatewise.
Thus G is a vector space over [y of dimension 4n?, and every vector is its own negative.

For a single full vector z = (2,)uecq € G, with four-bit entries 2z, € V, define F,, : G — {0,1} by
applying () separately to each coordinate and feeding the resulting Boolean vector to f,,:

Fo(z) = fa ((Q(zu))ugz). (2.11)
Since Q((00,00)) = 0, Equations (2.8) and (2.11) give

F(0) = £,(07) =0. (2.12)

4Inner-product gadgets also appear in communication-complexity lifting theorems [18]. We use a fixed four-bit gadget
and a direct spectral argument.

10


https://github.com/UCLA-StarAI/ddnnf-negation/blob/main/src/DDNNFNegation/OuterDNF.lean#L108

2.4 Linear encoding and the small d-DNNF

An input to F), is a vector in G containing 4n? bits. We use a binary matrix to turn a longer Boolean
assignment into such a vector. The extra input bits will let us choose the matrix so that varying any third
of them, with the others fixed, still reaches a constant fraction of all possible inputs to F), (Section 4.1).
We first prove the upper bound for every choice of this matrix.

The linear encoder and the Boolean function Lean: Encoder

Definition 7. Set N = 60n2. Let F be any 4n2-by-N matrix over 5. For = € {0, 1}V, we view Ex
as an element of G by grouping its entries into four-bit blocks indexed by (). Define

L,(x) = F,(Ex).

Figure 1 shows how the encoder F, the copies of (), and the outer DNF f,, compose to compute L,,.
By (2.11), a literal of an outer term inspects the bit Q((Ex),,) for one coordinate u € ). After substitution,
different literals may depend on the same input bits x;, so conjoining circuits for the individual literals
need not be decomposable. We instead evaluate the entire substituted term with one ordered binary
decision diagram (OBDD): a branching program that reads the input bits in one fixed order.

One OBDD for a substituted term v PositiveSide: term_obdd

Lemma 8. Fiz a term of the outer DNF for f, that inspects k distinct coordinates. After substituting
Q((Ex),) for each outer coordinate u, the term is computed by an OBDD with at most (N + 1)16*
nodes.

Proof. Read the input bits in the order z1,...,2y. Consider the level after the first ¢ bits have been
read. Write (p,y) for an input with prefix p and remaining bits y. Filling the other positions with zeros,
linearity gives

E(p,y) = E(p,0) + E(0,y).

Thus the bit inspected by an outer literal at coordinate w is

QUE[P, 0))u + (E(0,))u) -

This bit may depend on every input bit. But two prefixes with the same four-bit contributions (E(p,0)),
at all k inspected coordinates give the same result for every remaining assignment y. They therefore leave
the same function of the unread bits and can share an OBDD node, as in Figure 2. There are at most 16"
possible tuples of these contributions, hence at most 16 distinct remaining functions at this level.

_ prefix p: ¢ bits - _ _

e same four-bit contributions
.’ (E(p,0))u = (E(p',0))u
OBDD root .\ at all k inspected coordinates
*s N same function of the unread bits
Te- /. 3 - - . .
prefix p': ¢ bits one shared continuation

Figure 2: Why different prefixes can share an OBDD node. The dashed paths summarize two sequences
of t decisions. Equal four-bit contributions at the k£ inspected coordinates leave the same function of every
remaining assignment 3. There are at most 16* contribution tuples at each level.

An OBDD needs at most one node per distinct remaining function at each level.> There are N + 1

5This is the Sieling—Wegener bound [64]; see also Bollig and Wegener [9, Theorem 1].
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levels, including the terminal level after all bits have been fixed, giving at most

(N 4 1)16* nodes. O

A small d-DNNF for L, v PositiveSide: small_dDNNF_size

Lemma 9. For every choice of E, the corresponding function L, has

d-DNNF -size(L,,) = 20, (2.13)

Proof. Each outer term inspects at most 10n coordinates by Lemma 5, so Lemma 8 gives an OBDD with
at most (N + 1)161°" nodes for each substituted term. An OBDD with s nodes has an equivalent d-DNNF
with size O(s) [24, Proposition 3.1]. Replace a decision on z; by

(zj AC1) V (mz; A Co),

where Cy, Cy are the circuits for its two continuations. Neither continuation tests x; again, so the AND
gates are decomposable. The OR gate is deterministic because its branches require opposite values of ;.
Shared continuations remain shared, and each decision adds only a constant number of edges. Thus each
substituted term has a d-DNNF of size

O((N + 1)1610m) = 20,

Take the OR of these circuits. If two accepted the same assignment z, two distinct outer terms would
both be true on (Q((Ex)u))uesz’ contradicting Lemma 4. Hence the top OR is deterministic, and its
children are d-DNNFs. The outer DNF in (2.7) has at most n - 2" terms; including one edge from each
term to the top OR gives size

1+n-2m. 200 =20, O

3 Proving that zero squares are small

We now turn F), into a two-party function by evaluating it on the sum of Alice’s and Bob’s inputs.® Alice
receives a full vector a = (a,)ucq € G, and Bob receives b = (b, )uen € G. Their entries a,,b, € V are
the four-bit inputs at coordinate w. Their task is to compute F,,(a + b). Since the sum has entry a, + b,
at coordinate u, their two-party function is

(a,6) — Fu(a+5) = £,((Qau+b.)) 0 )- (3.1)

For I C G, call I x I a zero square if I}, (a + b) = 0 for every a,b € I. We will show that such a set
occupies at most a 2~%"*) fraction of G.

3.1 A matrix supported on one-inputs

We prove this bound by assigning nonnegative weights to pairs (a, b) with F},(a + b) = 1 and analyzing
the resulting matrix K.7 Every entry within a zero square will then be zero; the task is to bound how
large such a square block of zeros can be.

We need not assign positive weight to every pair with F,,(a + b) = 1. Leaving some of these entries
zero can only create more zero squares. Thus, if we can rule out large zero squares in K, we also rule
them out in the Boolean matrix with entries F,(a + b).

6For comparison, Pabbaraju’s construction uses a three-bit cyclic gadget over Zg [58, Sec. 4]. Our construction instead
uses the four-bit inner-product gadget (), which allows the encoder to be linear over Fs.

"The argument uses a weighted adjacency matrix and the weighted form of Hoffman’s ratio bound on independent
sets; see Haemers [34] for background. This matrix strategy adapts Pabbaraju’s construction and eigenvalue argument [58,
Sections 4.2-4.4]. We use different local weights and average over all label sets of size at least n/3, rather than those of one
fixed size.
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By (2.9), /., accepts the assignment that is 1 exactly on P, 5. We will assign weight to pairs whose
gadget outputs give this assignment.

The two local weight functions Lean: OuterMatrix

Definition 10. Define two nonnegative weight functions wy,w; : V' — R>q. For a four-bit string
z = (w,w") € V, their values are given by the following tables. The table rows and columns are the
two halves w and w’ of the single string z.

wo(w, w") w1 (w,w)

w\w'" | 00 01 10 11 w\w’ | 00 01 10 11
o | L L L 0w [0 0 0 0
0 | &£ o & 0 01 0 & 0 =
10 | &4 = 0 0 0 [0 0 &£ &
1 [ & 0 0 5 11 0 = 4 0

wy is zero unless )(z) = 0, while w; is zero unless )(z) = 1. The entries in each table sum to 1.

We now multiply these local weights to assign a weight to each pair of full vectors.
The product matrices and their average Lean: OuterMatrix

Definition 11. For each bucket i € [n]p and each label set S C [n]y satisfying 3 - |[S| > n, define
the weight of a pair of vectors (a, b) using one factor for each of the n? Boolean coordinates. At a
coordinate u € P; g use wy(a, + b,); at every other coordinate use wy(a,, + b,). Thus there are |5]
factors of w; and n? — |S| factors of wy. Define the product matrix

Kis(a,b)= J] wi(au+bs) J] wolau+bu). (3.2)

u€P; 5 ugP; s

Finally, choose ¢ uniformly from [n]p and, independently, choose S uniformly among the label sets
satisfying 3 - |S| > n. Define K as their entrywise average:

K =E,; s[K;s].

Three elementary properties of K  OuterMatrix: outerMatrix_properties
Lemma 12. K has the following properties:

(a) K is real, symmetric, and entrywise nonnegative;

(b) K(a,b) >0 only if F,,(a+b) =1;

(c) every row of K sums to 1.

Proof. For property (a), every entry is real and nonnegative by the two tables. Swapping a and b leaves
every sum a,, + b, unchanged, so all the product matrices, and hence their average K, are symmetric.
For property (b), suppose that K(a,b) > 0. Since K is an average of nonnegative product matrices, at
least one of them has a positive entry at (a,b). Choose 4 and S with K; s(a,b) > 0. Every factor in (3.2)
is nonnegative, so every factor must be positive. The supports shown in the two tables give, for every
u € €,
u€P s = wilay+b,)>0 = Qa,+b,)=

1,
ug¢ Ps = wolay+b,)>0 = Qa,+b,)=0.


https://github.com/UCLA-StarAI/ddnnf-negation/blob/main/src/DDNNFNegation/OuterMatrix.lean#L32-L38
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https://github.com/UCLA-StarAI/ddnnf-negation/blob/main/src/DDNNFNegation/OuterMatrix.lean#L329

The gadget outputs are therefore 1 exactly on P, 5. Equation (2.9) says that f, accepts this Boolean
vector, so (3.1) gives F,,(a+b) = 1.

For property (c), fix a row a of one product matrix. As b ranges over GG, the sum a + b also ranges
over all of (. Since G' = V', distributivity and Definition 10 give

ZKi7S(a,b): H (Zwl(z)> H <Zw0(2)>:1.
beG u€P; s \z€V ug¢P; s \z€V

Thus every product matrix has row sum 1, and so does their average K. O

3.2 Parity vectors and their local inner products
To study the eigenvalues of K, we introduce parity vectors.
Parity vectors Lean: ParityVectors

Definition 13. For a four-bit parameter £ = (&1,...,&1) € V, define the parity vector par, by

pare(z) = (-1)%7, where §-2=E8 21 + &2 + 323 + E424 mod 2.

Here z = (21, ..., 2z4) ranges over V. The sixteen choices of z give the sixteen entries of this vector.
A full parameter & = (£,)ucq € G similarly determines a parity vector on G by

parg(a) = H parg, (ay).

u€eN

Its sign records the parity of the local inner products &, - a,,.

Parity identities v ParityVectors: parity_identities
Lemma 14. For &, 2,2 € V and €,&,2 € G,

parg(z + 2') = parg(z) parg(2') and parg(2z) parg (2) = parg, ¢ (2). (3.3)
For every nonzero £ € V' and every nonzero & € G,

Z parg(z) =0 and Z parg(z) = 0. (3.4)

zeV zeG

Proof. The local identity in (3.3) follows from linearity of the dot product over Fo:
parg(z +2') = (—1)8 G+ = ()82 (—1)8 = parg(z) parg(2').

For the global identity in (3.3), expand both global parity vectors using Definition 13, then combine their
factors coordinate by coordinate:

parg(2z) parg (2) = <H pargu(zu)> (H pare, (zu)> = H pare 4o (2u) = parg e (2).

u€es) u€eS) ueS)

For the local identity in (3.4), choose a bit position k where ¢ is 1. Pair each z € V with the vector 2’/
obtained by flipping bit k. Flipping the same bit again returns z, so these vectors form disjoint pairs.

Moreover,
E-2=¢6 241 (mod 2),

so the two local parity signs in every pair are opposite and cancel.
The same argument proves the global identity in (3.4): choose a nonzero entry &, of &, apply the local
pairing at coordinate u, and hold every other coordinate fixed. O
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The weight functions wp,w; and each local parity vector par are vectors indexed by V. We compute
their inner products; the resulting numbers will become factors in the eigenvalues of K .8

One-coordinate weight-parity inner pI‘OdllCtS v’ LocalInnerProducts: weight_parity_inner_products

Lemma 15. Forr € {0,1} and £ € V, the inner product is

wr, parg Z wr(2) parg(z
z€V
The pair of inner products is
(L,1),  &=(00,00),
(<w0,par§> 9 <w1,par§>) = (%a _%)7 g 7& (00 00) and Q(E) =
(3,3),  €#(00,00) and Q(¢) =

In particular, every <w0, par5> 18 positive.

Proof. At & = (00,00), every parity entry is 1, so both inner products are 1 by Definition 10. Appendix B.2
proves the remaining cases. O

Example Computing the two inner products for one parameter

At £ = (01,00), the parity parg(w,w’) is +1 in rows w = 00,10 and —1 in rows w = 01, 11. Adding
the positive rows and subtracting the negative rows gives

184+2—2—-2 2 04+8-8-38 1
<w0,par(01,00)> T VI <w1,par(01700)> =51 ~— 3

3.3 Computing the eigenvalues of K

The entries of every product matrix K; s depend only on the sum of their row and column indices. The
following calculation identifies the corresponding eigenvectors.

Matrices determined by vector sums v/ Eigenvalues: sum_matrix_eigenvectors

Lemma 16. Let w: G — R, and define the matriz M indexed by G by
M(a,b) = w(a+b), a,beq.

Then every parity vector parg is an eigenvector of M, with eigenvalue

Z w(z) parg(z). (3.5)

zelG

Proof. For a,z € G, the local multiplication identity (3.3) extends to full inputs by the definition of the
global parity vector:

parg(a + z) = H parg, (au + 24) = H (pargu (a.) parg, (zu))
u€e) u€e)

= parg(a) parg(2). (3.6)

Fix the row index a. The substitution z = a + b is a bijection on GG, with b = a + z because every vector

8These sums are the unnormalized Fourier coeflicients (Walsh-Hadamard transforms) of wp and w;; see O’Donnell [55,
Section 1.3] for the parity-basis formulation.
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is its own negative. Using (3.6) gives

(M parg)(a) = Z w(a + b) parg(b) = Z w(z) parg(a + 2)

beG z€eG
= parg(a) Z w(z) parg(2).
zeG
The last sum is independent of a, so it is the eigenvalue.” ]

We now combine the inner products from Lemma 15 across the product space G' = V.

A parlty eigenbasis for K v  Eigenvalues: parity_eigenbasis

Lemma 17. For every § € G, the parity vector parg is an eigenvector of every product matriz K; s,
with eigenvalue
H <w1,par§u> H <w0,par£u>. (3.7)
u€EP; 5 ugP; s

It is therefore also an eigenvector of . These parity vectors form an orthogonal basis of RC.

Proof. Fix £ € G and one product matrix K; 5. Equation (3.2) shows that this matrix depends on a and
b only through a + b. By Lemma 16, its eigenvalue on par, is given by (3.5). For this product matrix, we

obtain
Z H w1(z4) H wo(zu) parg(2z)
2€Gu€EP; g u@P; s
= Z H (wl(zu)pargu(zu)) H (wo(zu)pargu(zu))
zeGueP; s u@P; s
= H (Zwl p&Igu ) H <Zw0 palgu ))
u€P; s \z€V ugP; s \z€V
= H <wl,pargu> H <wg,par£u>.
u€P; s ugP; s

This is (3.7). Since K is the average of the product matrices, the same parity vector is an eigenvector of
K, with eigenvalue equal to the average of their eigenvalues.

Now fix distinct £,&" € G = V. Their coordinatewise sum & + £’ is nonzero. Equations (3.3) and
(3.4) therefore show that the parity vectors are orthogonal:

<par§, parE Z p(ug pdrgl Z par£+§, =0.
zeG zeG

As £ ranges over (G, we obtain |G| nonzero, mutually orthogonal vectors in the |G|-dimensional
space R“. They therefore form a basis. O

The eigenvalues of K v  LeastEigenvalue: eigenvalue_formula

Lemma 18. We express each eigenvalue as a positive factor times an average over buckets. For a
global parameter & = (§,)uca € G, define the positive factor

(&) = [T (wo,pare, ).

ue

9These parity vectors are the Fourier characters of the additive group. Lemma 16 is the standard diagonalization of a
convolution operator, or weighted Cayley matrix, by characters; see O’Donnell [55, Section 1.5].
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Let S be a uniformly random subset of [n]o. For each bucket i € [n]o, define the average

<w1 ) par£>

wi (&) :=Eg g, | 3-IS|=nf|, where Qe = .
() H 2 | | 3 <w0,par£>

u€P; s

Then the eigenvalue \¢ of K corresponding to parg is

A = @ > ni8). (38)

i€[n]o

Proof. By Lemma 17, the eigenvalue of the product matrix K; s on par, factors as

IT (wopare) TT (woipare, ) =+€) I .-

u€P; s ugP; s u€P; s

Averaging over the eligible label sets replaces the last product by p;(€). Averaging over i € [n]o then gives
(3.8), since K is the average of the product matrices. Since the parity eigenvectors form a basis, these are
all the eigenvalues of K. O

3.4 Bounding the least eigenvalue

Equation (3.8) separates the sign from the magnitude. Since v(£) > 0, the sign of \¢ is determined by the
average of the p1;(£). We first prove that if £ has few nonzero coordinates, this average and hence A¢ are
nonnegative. When there are many nonzero coordinates, they instead make (&) exponentially small.

The condition inside y; discards the label sets with fewer than n/3 labels. We first record that such
sets are rare.

MOSt label sets are ellglble v/ LabelSets: most_label_sets_eligible

Lemma 19. For uniformly random S C [n]o,

Prg[3-[S| <n] < 277/15

Proof. Every excluded set S satisfies 27/37151 > 1, so the number of excluded sets is at most the sum of
these nonnegative weights over all label sets:

Prs[3-[S| <n]=2""|{SC[n]o:3-|S] <n}|<27" Z gn/3=151,
SC[nlo
Grouping by size gives the binomial sum; the binomial theorem and (3/2)°> < 23 finish the estimate:

Prs[3-|S| <n] <272/ (Z)Tk =27 (14 )" =27n0(3)" <R g = g,
k=0

Negative eigenvalues need many nonzeros  LeastEigenvalue: negative_needs_many

Lemma 20. For £ € G, if )¢ is negative, then more than n?/30 coordinates of & must be nonzero:

2
Ae<0 = [{ueQ:& # (00,00} > g—o.
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Intuition. The eigenvalue averages products over label sets containing at least n/3 labels. Temporarily
including all label sets gives a positive average. Nonzero coordinates can make this positive average
smaller. The proof shows that, with few nonzero coordinates overall, the average across buckets remains
large enough that removing the extra label sets cannot make it negative.

Proof. We prove the contrapositive. Fix £ € G with at most n?/30 nonzero coordinates; we prove A¢ > 0.
Since v(£) > 0, Equation (3.8) shows that it is enough to prove

Z i (&) = 0.

i€n]o

Fix i € [n]o. To bound p;(£), we first sum over all label sets, without the size restriction; we will remove
the ineligible sets afterward.

Example Summing over the four subsets of two labels

With labels 0 and 1, the four subsets contribute the following products (the empty product is 1):

N 1 ,+ ¢ 0 + ey +q§(7\o)q§(7‘1) = (1 + q&(q,m)(l + qf(i.u))'
ey T N S/ ——
S={0} S={1}  S={0,1}

For n labels, expanding the product of the factors (1 + qg(,i_”)) likewise gives one product for each
subset S: choose g¢, ., when a € S and 1 otherwise. Thus

>0 II = T+
SCln]o uEP;, s u€B;
To bound this product from below, write ¢; for the number of nonzero coordinates in B;:

l; ={u € B;: & # (00,00)}.

If &, = (00,00), then ¢, = 1. At every other coordinate, Lemma 15 gives ¢g¢, > —1/2. The n — ¢; zero
coordinates therefore contribute factors of 2, and the other ¢; factors are at least 1/2:

0,
1 T
T4gqe,)>2"4 (2] =2ma7bh,
o 5

u€eB;

We now remove the label sets with 3 - |S| < n. Write p := Prg[3 - |S| < n] for the probability that
a uniformly chosen label set is excluded. There are 2"p such sets, and Lemma 15 gives |g¢| < 1. Each
removed product is therefore at most 1, so removing all of them decreases the sum by at most 2"p:

ST @ =2ma7 —2mp.

SCln]o u€P; s
3:1S|>n

The average u;(£) divides this retained sum by the number 2 (1 — p) of eligible label sets. Hence

2n4—£i _ 2np B 4—21' -p

e T B g

Sum (3.9) over the n buckets:

S )z [ S 4 —np

i€[n]o p i€[n]o
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It is therefore enough to show that the sum of the 4=% is at least np. The arithmetic-geometric mean
inequality says that the arithmetic mean of the n positive numbers 4~% is at least their geometric mean:

1/n

doattizal J] 4 =4~ Sieo b,

ie[n]o iE[n]O

. . 1
The hypothesis on £ gives -~ >
on %Zie[n]o ¢; and p gives

icnlo ¢; <n/30, and Lemma 19 gives p < 27"/15. Substituting the bounds

Z 470 > pgn/30 — po—n/15 > np.
i€[n]o

Thus Zie[n]o i (&) > 0. Since v(£) > 0, Equation (3.8) now gives A¢ > 0. O

A lower bound on every eigenvalue of K v LeastEigenvalue: spectral_estimate

Lemma 21. The least eigenvalue of K satisfies

9 n?/30 )
Amin(K) > —¢, where €:= (—) = 2707, (3.10)

Proof. Fix £ € G. If A\¢ > 0, the claimed bound is immediate. Otherwise, Lemma 20 shows that £ has
more than n?/30 nonzero coordinates. Lemma 15 shows that, in y(£), a zero coordinate contributes 1,
while every nonzero coordinate contributes a positive factor at most 2/3. Hence

9 [{ue:£,£(00,00)} 9 n?/30
0<~(§) = H <w0,par£u> < (3> < <3> .

u€es?

Each p;(€) is an average of products whose factors have absolute value at most 1. Hence |u;(€)] < 1, so
their average is at least —1. Equation (3.8) therefore gives

n?/30
de =€) Y €)= (€)= - (2) |

‘ 3
i€[n]o
O
Why we use (). Different four-bit inputs can have the same output under (), so we can distribute
weight among them without changing the bit seen by f,,. Our weights ensure that a negative eigenvalue

requires many nonzero coordinates in its parity parameter. Each such coordinate contributes a factor of
at most 2/3 to v(£), making the negative eigenvalue exponentially small in magnitude.

3.5 Zero squares are small

Zero squares are small v’ ZeroSquares: small_zero_squares

Lemma 22. If I C G satisfies F),(a+ b) =0 for all a,b € I, then

1] < |G| (3.11)

Intuition. Every zero square of F),(a + b) must also be a zero square of the matrix K constructed
above. We now use the properties of K to bound the size of any such square. The proof below will make
the following comparison precise. Every row of K has total weight 1. If that weight were spread uniformly
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across the columns, the square I x I would contain total weight |7|?/|G|. The matrix K need not spread
its weight uniformly. But the bound on its negative eigenvalues guarantees that the total weight inside the
square is at least |I|?/|G| — e|I]. If |I| > €|G|, this lower bound is positive, so the entries in the square
cannot all be zero.

Proof. Let 17 be the vector that is 1 on [ and 0 elsewhere. The zero-square assumption and properties
(a) and (b) of Lemma 12 give K(a,b) = 0 whenever a,b € I. Thus

1,"K1; =Y K(a,b) =0.

acl bel

We express this same vector in the parity eigenbasis from Lemma 17.1° The all-zero parameter gives
parg(z) = 1 for every z € G, so the constant vector is among these parity vectors. Each parity vector has
|G| entries equal to +1 or —1, so its squared length is |G|. Dividing each vector by \/@ gives length 1.
List the resulting vectors as co, ..., ¢|g|—1, with the constant vector ¢y = 1/\/@ first. They remain

mutually orthogonal. Write
|G|—1

1; = Z cjej, I(c’j = )\jej.

The other basis vectors have positive and negative entries, so their contributions can cancel coeq outside 1.
Every row of K sums to 1, so for each a € G,

1
(Kep) K(a,b) = ¢p(a).
0= LK 5=

Thus A\g = 1. We first compute K1, using Ke, = Arer on each basis vector:

|Gl—1 |G—1 |G—1

Kl;=K Z crer | = Z Ck K() Z ALCELCL -
k=0 k=0

Now take the inner product with 1;. Orthogonality removes the terms with j # k, and Ay = 1 gives the
final equality:

|Gl-1 |Gl-1
0—1]TK1]—<11,K1[>—<Z Cj€Cy, Z )\kck(%k>
k=0

§=0
|G|—1 |G|—1 |G|—1
= Z ci ke (e;, en) = Z )\jc? =ci+ Z )\jc?. (3.12)
4,k=0 Jj=0 Jj=1

We now compute ¢y and Z'C‘ ¢ in terms of |I]. To find ¢y, take the inner product with ¢;. Since

(€0, e0) =1 and (ej,ep) = 0 for j # 0, this leaves only ¢o. Each entry of e is 1/4/|G/, and the indicator
selects the entries in /. Hence

|G|—1
RN
co = cjlej,e0) = 11,00
; " ZMG Ve

Similarly, orthogonality lets us compute the sum of the squared coefficients:

|G- |Gl-1 |Gl—1 |G|-1
Z = > cierle;, e <Z ciej, Z > 11713 =" 11(2)* = [1].

7=0 7,k=0 zeG

10This is a form of Hoffman’s ratio bound for a weighted matrix with common row sum 1 [34].
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Lemma 21 gives A\; > —e¢ for every j > 1. Using this bound and the two coefficient calculations
n (3.12) gives
|Gl—-1 | I |G|—1

2o P
O—CO+Z)\ ? 826 Z?—8|I| (313)
If I is empty, the claimed bound is immediate. Otherwise, rearranging (3.13) and dividing by |I| gives

M
m < elll, hence |I] < e|Gl.

4 Proving the DNNF lower bound

We now choose the linear encoder £ and prove the DNNF lower bound for the corresponding function —L,,.

4.1 Choosing the encoder for the lower bound

We now choose the linear encoder matrix E from Definition 7 so that varying any set of at least N/3
input positions produces at least |G|/8 different encoded vectors.

Restricted encoders and their images Lean: RestrictedEncoder

Definition 23. Let E be a linear encoder matrix as in Definition 7. For J C [N], let E; be the
submatrix retaining the columns indexed by .J. Its image is the set of vectors it can produce:

m(E;) ={Eyy:y€{0,1}'}.
The image contains zero and is closed under addition: for any two assignments,
Eyy+Eyy =E;(y+y') € im(Ey).
The following observation applies to any set with this closure property.

Unchanged or doubled output sets v_ EncoderIndex: adjoining_vector_size

Lemma 24. Let B C G be closed under addition, and let g € G. Allowing the vectors in B to be
used either with or without g gives the set

|Bl, ge€B,

B'=BU{b+g:be B}, |B'| =
2|B|, g¢B.

Proof. If g € B, closure under addition puts every b + g back in B, so B’ = B. Otherwise the two sets in
the union are disjoint. Indeed, an overlap would give b = b’ 4 g for some b, b’ € B, and hence

g=b+b €B,

a contradiction. Distinct b give distinct b + g, so the second set has | B| elements as well. O
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One encoder for every large set of positions  EncoderExistence: encoder_with_large_images

Lemma 25. There is a single choice of the encoding matrix E for which every submatriz F; with
J C [N] and |J| > N/3 has a large image:

We will choose F at random and show that the probability of any failure is less than one. If E; has
too small an image, all columns indexed by J lie in that small set, since each column is itself an output
of E;. Our strategy is to count the sets that could contain those columns, then show that a random
matrix is unlikely to put so many columns in any one of them.

A containing set for each small image. We will count small images by enclosing them in sets of one
common size. Start with the empty list of columns, whose only sum is zero, and process the columns of
E; one at a time. Lemma 24 says that the number of outputs either stays unchanged or doubles at each
step. The final set is im(E ), so its size is a power of two. Consequently,

1G]
16
If the image is smaller still, append a vector outside the current set of outputs to the list. This doubles

the output set. Repeat until it has exactly |G|/16 elements. For each fixed pair (E,.J) with a small image,
choose one such containing set and denote it by Ag ;:

im(E;) C Ag., |Ag. /| = |G|/16.

G
lim(E,)| < % =" 8 |im(E))| < 24 =

The added vectors define only this containing set, not a change to E. Like every set of outputs of a binary
matrix, Ag, s is closed under addition.
We next count all addition-closed sets of this size.

Counting possible containing sets v GeneratingLists: containing_sets_bound

Lemma 26. There are at most 3247° =4 sets A C G of size |G|/16 that are closed under addition.

Proof. Set r = 4n? — 4, and fix one addition-closed set A of size 2" = |G/|/16. A generating list for A is a
list of vectors whose entries can be selected and added to obtain exactly the elements of A; selecting no
entries gives zero. We will count generating lists of length 7.1

First construct such a list. Start with the empty list, whose only sum is zero. This belongs to A
because a +a = 0 for any a € A. At each step, choose a vector of A that is not a sum of entries already
in the list. All obtainable sums stay in A by closure under addition, and each new choice doubles their
number by Lemma 24. After j < r choices there are only 2/ < |A| obtainable sums, so another choice is
possible. After r choices there are 2" = | A| sums, all in A, so the list generates exactly A.

Now count the lists produced by this construction. After j < r choices, any vector of A not yet
obtainable can be chosen next. The number of choices for the next entry is

Al -2 > |A]/2.
Over the r steps, this gives
#{lists generating A} > (|A|/2)" = (|G|/32)".

Now sum over all possible containing sets A. No list generates two different sets, and there are |G|"
ordered lists of length r in total, so

Z #{lists generating A} = #{lists generating a containing set} < |G|".
A

HThese lists are ordered bases of binary vector subspaces. The counting argument is the one that gives the Gaussian
binomial coefficient; see Stanley [65, Proposition 1.7.2]. Here we only need a coarse bound.
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Each set contributes at least (|G|/32)" lists, so

|G|

(.

#{possible containing sets A} <

O

Proof of Lemma 25. Choose each entry of F independently and uniformly from {0,1}. Its columns
g1,...,gn are therefore independent uniform vectors in G.'2

If |im(E;)| < |G]/8, its containing set Ap ; contains every column indexed by J. Thus a failure of
the image bound forces all these columns into one of the sets counted in Lemma 26.

The probability that selected columns fit in a containing set. For the probability calculation, fix
a pair consisting of a set ./ with |/| > & and an addition-closed set A of size |G|/16, independently of the
random matrix E. For this fixed pair, each random column belongs to A with probability |A|/|G| = 1/16.
Independence of the columns gives

Prplg; € A for every j € J] = 167171 < 167V/3,

Keep J fixed, but now consider every possible containing set A. If F fails for this .J, all columns indexed
by J lie in a containing set Ap ;. Sum over all containing sets A, of which there are at most 32" by
Lemma 26, where r = 4n? — 4:

G
Prp | [im(£)| < |8|} = ZPrE[gj € A for every j € J] < 327167 N/3,
A

There are at most 2V choices, so the union bound gives

Finally, sum over all J with |J| > £

Prp[failure for at least one J] < 2V . 327 .167V/3

— 960n? 95(An?—4) o—80n? _ 9-20 _

This proves Lemma 25. [J

Thus some encoding matrix E has |im(E ;)| > ‘%l for every J with |.J| > .

For the rest of the proof, fix an encoding matrix F supplied by Lemma 25, and let L, be the
corresponding function from Definition 7. Lemma 9 already gives its small d-DNNF.

4.2 From zero squares to a rectangle lower bound

Section 3 bounded zero squares for F,,. We now use the properties of the linear encoder E to turn
this into a lower bound on the number of balanced zero-rectangles needed to cover the zero-inputs of
L,(z) = F,(Fx).

A rectangle allows assignments on two disjoint sets of input positions to be combined independently.

Balanced zero-rectangles Lean: Rectangles

Definition 27. For J C [N], let J° = [N]\ J. A rectangle for the partition [N] = J U J¢ is a set
R=AxB, Ac{0,1}/, Bc{o,1}”.

A rectangle is a zero-rectangle for L, when every assignment in it is a zero-input of L,,, equivalently
when R C L,,~ ! (0). It is balanced when both sides contain at least one third of the Boolean positions:

N 2N
— < \|J £ —=. 4.1
T <Wl<3 (41)

12This argument is related to list decoding from erasures for binary linear codes; see Guruswami [33, Section 2.3] for
background.
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A small DNNF gives a small rectangle cover, by the theorem of Bova, Capelli, Mengel, and Slivovsky [10,
Theorem 6], allowing here for gates with arbitrarily many inputs. The rectangles in a cover may use
different partitions J, J¢.

A DNNF ylelds a small rectangle cover v/ RectangleReduction: balanced_rectangle_cover

Lemma 28. If a DNNF of size s computes —L,,, then L, '(0) is the union of O(s) balanced
zero-rectangles for L,,.

Proof outline. A satisfying assignment has a certificate: start at the output, keep one satisfied input at
each OR gate, and keep both inputs at each AND gate of a binary DNNF. Fix a gate v. Decomposability
lets us combine the part below v from one certificate with the part outside v from another certificate
containing v: the two parts use disjoint sets of variables. Thus the assignments with a certificate containing
v form a rectangle. Using this observation, Bova, Capelli, Mengel, and Slivovsky [10] construct a cover
with at most one rectangle per gate of the binary circuit, balancing each partition over the variables the
circuit mentions. Each side therefore has at most 2N/3 positions. Distribute the unused input positions
between the two sides so that each has between N/3 and 2N/3 positions, allowing both values at every
added position. This preserves each rectangle and extends the cover to assignments on all N input
positions. Appendix B.3 gives more details, including conversion to a binary DNNF with O(s) nodes.
We count assignments by the encoded vectors they produce.

Fibers of a restricted encoder Lean: RestrictedEncoder

Definition 29. For J C [N] and z € im(E}), the fiber over z is the set of assignments producing
that sum:

E; Y z)={ye€{0,1} : Eyy = z}.

We will show that a balanced zero-rectangle for L,, contains only a small fraction of the zero fiber E~1(0).
These assignments are zero-inputs of L,,, because
Ln,(x) :F”(El‘) :F,,,,(O) =0 (T eEil(O))

by (2.12). Thus a cover of all zero-inputs must also cover £E~1(0).

Equal-sized ﬁbers v  FiberCounts: equal_fiber_sizes

Lemma 30. For any choice of encoding vectors, the maps E; have equally sized fibers:

|EJ_1(Z)| = for all J C [N] and z € im(E).

Proof. Fix J C [N] and any z € im(E;). Choose © € E; (z). We construct a bijection £; !(z) +—
E;71(0) by adding this fixed = in either direction. For 2’ in the fiber over z, the assignment z’ + x
belongs to the fiber over zero:

Ej2' +2)=Ej'+Ejmm=2+2=0.
The inverse sends y in the fiber over zero to y + « in the fiber over z:
E;(y+z)=FEy+ Ejz =042z =z.
These maps undo each other because, for any assignment ¢ € {0, 1}/,
(t+z)+z=t+(x+z)=t
This proves that the map is a bijection, so the two fibers have the same size:

|E;~ (2)] = |E;~1(0)].
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Since z was arbitrary in im(FE), every fiber has the same size as the fiber over zero.
The |im(E)| fibers partition the 2//| assignments into equally sized sets, giving

|E —1( )| — L
TN T TmE )

We now combine these fiber counts with the zero-square bound.

Balanced zero-rectangle estimate V ZeroFiber: rectangle_estimate

Lemma 31. With e = (2/3)"/30 as in Lemma 21, every balanced zero-rectangle R for L, contains
at most a 64e fraction of E~1(0):
RN E-(0)]

E-1(0)] < 64e. (4.2)

Proof. Fix a balanced zero-rectangle 2 = A x B for the partition [N] = J U J¢. For z = (x;,2 ) in this
rectangle, the two sides contribute separately to the encoded vector:

Exr=FEjr;+ Ejex e.

Their sum is zero exactly when the two contributions are equal. We group the assignments in 2N E~1(0)
according to the vector produced by both parts. We will count the assignments in each group and then
add these counts.

Few vectors can be produced on both sides. Define the sets of encoded vectors available on the two
sides:
A*={E;x;:x; € A}, B* ={Ejcxjc : x . € B}.

Choose any a € A* and b € B*. By their definitions, there are assignments = ; € A and z ;. € B with
Eyr;=a, FEjexje =b.
Since R = A x BB, combining these assignments gives = = (x s, x ) € R. Its encoded vector is
Fr=F;x;+ FEjex;c =a+b.
The rectangle R contains only zero-inputs of L,,, so
0=L,(x)=F,(Fz) = F,(a+b). (4.3)

Now let I = A* N B* be the set of encoded vectors that can be produced both by an assignment in A
and by one in B. Any a,b € I satisfy (4.3), so I x I is a zero square for (a,b) — F,(a + b). Lemma 22
therefore gives

lI| < eld|. (4.4)

Figure 3 illustrates the passage from assignments in R to pairs of encoded vectors.

Count assignments whose two encoder outputs agree. For each z € I, count the pairs x; € A and
xrje € B for which
E_]l‘_/ = E_]c:L’Jc = Z.

As z ranges over I, these pairs give exactly the assignments in 2 N E~!(0). Each such assignment
determines z uniquely, so summing over z € I counts each assignment once:

IRNET0)] =) |ANE; ()| |BNE;-'(2)].

zel
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1. Assignments 2. Encoded vectors 3. Distinct vectors

Ln (’L) = Fn(E.’L') Same cells and values Fn(a + b)
B B*
mglc) IS%? I(]i‘) I,(I40) Zo 2zZ3 23 24 zZo 2z3 2Z4
<710 0 0 0 a=Ejz; = [0 0 0 0 A*z [0 0 0
b=Ejexje _ |l N ~ ~ ~| _ I~N"S3
Aﬂﬁ@ooo T @ 0 000 z @ 0)0
_— _— 1
(3)
1@ 0 0 0 Retabal 2 |@ 0 0 0 Merge s [0 @ o
S0 @@ o @@ o
16 assignments in R 16 cells 9 encoded pairs in A* x B*
Circled: RN E~*(0) Labels may repeat Highlighted square: I x I

Figure 3: From assignments to encoded pairs (schematic). Encoding changes the labels, not the cell values;
Z1,...,24 are distinct vectors. In the middle grid, rows 2 and 3 have equal labels, as do columns 2 and 3.
Merging them leaves nine encoded pairs in A* x B*. The four circled assignments map to (z2, z2) and
(23, z3); the highlighted square uses I = {23, z3} on both axes.

Each intersection is contained in a full fiber. Both sides of the balanced partition have at least N/3
positions, so Lemmas 30 and 25 give

9lJ] 8. 21/l
.AﬁEJle < — < )
| Gl < @ S o

2177 ] .27l
B! <
BAE" @] < o < e

There are at most ¢|G| vectors in I by (4.4). Substituting these bounds and |J| + |J¢| = N in the count
gives

8.2l 8.9/l oN

RNEY0)| < |I < 64e —.
e Ol g e =% g

(4.5)

Compare with the whole zero fiber. Apply Lemma 30 to the full matrix E and output 0. There are
at most |G| outputs, so

) 2N N
EY0) = o > 2 (46)
lim(E)| ~ |G
Dividing the bound in (4.5) by this lower bound yields
RNE~L(0 64e 2V /|G
ROEO) 642461,
[E-1(0)] 2V /|G|
O

The bound on the fraction covered by one rectangle now gives a lower bound on the number of
rectangles, and hence on the DNNF size.

The DNNF lower bound for jLnn v/ FinalCover: DNNF_lower_bound_size

Lemma 32. Fvery DNNF computing —L,, has size 20Un?) |

Proof. Suppose a DNNF of size s computes —L,,. By Lemma 28, the zero-input set of L,, is the union of
balanced zero-rectangles Ri,..., R,, with r = O(s). Their intersections with £~'(0) cover £~1(0). The
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rectangles may overlap, so we upper-bound the union by the sum of their sizes. Applying Lemma 31 to
each rectangle gives

B4 (0)] =

U r:nE}(0)
t=1

<Y IRV ET(0)] < 64er|E7(0)].
t=1

The zero fiber is nonempty by (4.6). Dividing by |E~!(0)| gives a lower bound on the number of rectangles:

1 < 64er - r> 7 (4.7
Since r = O(s), the circuit size is at least a constant times r. Using ¢ = 2-(n%) gives
s =Q(r) = Q(1/e) = 290,
O

Together with the small d-DNNF from Lemma 9, this proves Lemma 2.

5 Corollaries

Each corollary uses the function L, from Lemma 2 or its complement. 2Throughout this section, setting
m = 2°" for a sufficiently large fixed ¢ turns the bounds 22 and 2°("") into O(m) and m?(oe™),

5.1 Logic circuits

We use the standard notion of succinctness [24]: a language A is at least as succinct as B if every
representation in B has an equivalent representation in A of polynomially bounded size. It is strictly more
succinct if this holds in one direction but not the other.

Internal negation. Allowing internal NOT gates in a d-DNNF gives the language of deterministic
decomposable circuits (d-D) [54]. Wachter and Haenni first proposed this language as ¢d-PDAG in 2006
and asked whether it is strictly more succinct than d-DNNF [78]. The same extension later appeared as
d-DNNF™ [39] and partitioned-operation graphs (POGs) [11]. These languages translate into one another
with polynomial overhead.

d-D versus DNNF v  InternalNegation: internal_negation_separation

Corollary 33. For arbitrarily large m, there are d-D circuits of size O(m) whose functions require
DNNFs of size m(°8™) — Consequently, d-DNNF is strictly less succinct than d-D.

Proof. Add a root NOT gate to the small d-DNNF of Lemma 2; the same lemma gives the DNNF' lower
bound. The reverse simulation holds because every d-DNNF is a d-D circuit. O

Boolean decomposable And-Sum circuits [31, 57] also simulate d-D, expressing negation as 1 — f, and
hence admit the same separation from arbitrary DNNFs. This includes structured decomposable And-Sum
circuits (st-DASCs): choosing one common variable order for the term OBDDs in Lemma 8 makes the
small circuit respect a single variable tree.

Unambiguous OBDDs. An unambiguous OBDD reads variables in a fixed order and allows nondeter-
ministic choices, with at most one accepting computation per assignment. We measure OBDD size by its
number of nodes.

Bollig and Buttkus asked in 2018 whether polynomial-size unambiguous OBDDs are closed under
negation [7]. Nonclosure already follows from Vinall-Smeeth’s 2024 separation [76]: his unambiguous DNF
witness gives a small unambiguous OBDD, while its complement is hard for every structured DNNF. Here
the lower bound holds for every DNNF.
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Negating unambiguous OBDDs v' Unambiguous0BDD: unambiguous_obdd_separation

Corollary 34. For arbitrarily large m, there are Boolean functions [ with unambiguous OBDDs of
size O(m) in every variable order. Every DNNF for —f has size mSoe™) - Iy particular, unambiguous
OBDDs are not polynomially closed under negation.

Proof. Fix any variable order. Guess one substituted outer term of L, and run its small OBDD from
Lemma 8. Distinct terms cannot both accept by Lemma 4, so this gives an unambiguous OBDD of size
20(7) " ag counted in Lemma 9. Lemma 2 gives the complement’s DNNF lower bound 20Un*)

The decision-node conversion in Lemma 9, with choice nodes replaced by OR gates, converts an
unambiguous OBDD to a DNNF with polynomial overhead. A polynomial-size negation operation would
therefore contradict the lower bound. O

5.2 Arithmetic circuits

A monotone arithmetic circuit uses variables, nonnegative constants, and binary addition and multiplication
gates. A circuit is syntactically multilinear if the inputs to each multiplication gate use disjoint sets of
variables. This restricts the computation, not just the polynomial at its output.

Subtraction can yield exponential savings over monotone arithmetic circuits [17, 75]. We use subtraction
to complement a monomial set, with 0/1 coefficients on both sides. The product Hil(l + x;) contains
every multilinear monomial in x1,...,xxy exactly once, including the constant monomial 1. Subtracting
a multilinear polynomial with 0/1 coefficients therefore leaves exactly its missing monomials. We ask
whether this operation preserves polynomial monotone circuit size.

Missing monomials v/ MissingMonomials: missing_monomials

Corollary 35. For arbitrarily large m, there is a multilinear polynomial G in N = O((logm)?)
variables with 0/1 coefficients and monotone syntactically multilinear circuits of size O(m). Every
monotone arithmetic circuit whose monomials are precisely the multilinear monomials absent from G
has size m®°8™) regardless of their positive coefficients.

In particular, for this G, the polynomial

N

H(z) = [J(+) - Ga)

i=1

has 0/1 coefficients and a syntactically multilinear circuit of size O(m) with one subtraction at the root,
whereas every monotone arithmetic circuit for H has size m®(os™)

Proof. Put N = 60n? and encode each assignment a € {0,1}" by mq = [T, 3 Xi [T, -0 Xi, where
X;, X; are independent variables. At (X, X) = (a,1 — a), only m, evaluates to one; all other assignment
monomials evaluate to zero. This encoding will let us recover a DNNF. Write

N
P, = Z Ma, Qn: Z Ma, Pn+Qn:Tn:H(X1+XZ>
a:L,(a)=1 a:L,, (a)=0 i=1

The unambiguous OBDD from Corollary 34 gives a monotone syntactically multilinear circuit for P,
of size 29("): complete each accepting path to read all positions, replace decisions by weighted sums using
X; and X;, and replace nondeterministic choices by sums. Unambiguity gives coefficient one on every
accepted assignment monomial. For every i, rename X; to z; and set X, to 1, defining

Then G,, has the required small circuit, and H,, consists of the monomials missing from G,,.
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For the lower bound, consider any monotone circuit whose output has exactly the monomials of @,,,
with positive coefficients. After pruning unused and zero subcircuits, every product combines disjoint
sets of variable pairs: otherwise an output monomial would contain two variables from one pair, counting
repetitions, with no cancellation possible. Replacing sums by OR, products by AND, positive constants by
true, and the paired variables by opposite literals therefore gives a DNNF for =L, without increasing size.
By Lemma 2, this proves the paired-variable lower bound 29("2), regardless of the positive coefficients.

Finally, a monotone circuit for a multilinear polynomial is syntactically multilinear after pruning, since
a repeated variable at a product could not cancel. The conversion of Broadrick, Zhang, and Van den
Broeck [12, Lemma 3] turns such a circuit of size s into one of size O(Ns) for its assignment encoding. It
only inserts products with missing barred variables, preserving coefficients and monotonicity. Applied
to any positive reweighting of I, this produces a positive reweighting of @),,. Since N = 60n?, the
paired-variable lower bound gives Ns = 29("*) and hence s = 22(n%), O

5.3 Probabilistic circuits

A probabilistic circuit (PC) represents a probability distribution by sums and products of univariate
functions [20]. Here the variables are Boolean. A circuit is nonnegative if its weights and input functions
are nonnegative, and decomposable if the factors of each product use disjoint sets of variables. Loconte et
al. [49, Theorem 1] prove an exponential separation between structured-decomposable PCs that allow
subtraction and those restricted to nonnegative weights and inputs. We show that one subtraction, even
from a constant, can give superpolynomial savings for general decomposable circuits.!?

Probabilistic CiI‘Cllit subtraction v/ ProbabilisticSubtraction: probabilistic_subtraction

Corollary 36. For arbitrarily large m, there is a nonnegative structured-decomposable circuit C' of

size O(m) such that the probability distribution p(x) < 1 — C(x) is uniform on its support. Every

nonnegative decomposable probabilistic circuit representing this distribution has size m(1°8™)

Proof. Construct the small arithmetic circuit for P, using the same variable order for all term OBDDs.
Its products therefore respect one common variable tree. Replace X; and X; by the indicator functions
1[z; = 1] and 1[z; = 0], respectively. This gives a nonnegative structured-decomposable circuit computing
L,,, of the same size 2°("). One subtraction gives

pn(z) x 1= L,(x).

Since L, (0) = F,(0) = 0, the complement has nonempty support. The distribution is therefore well
defined and uniform on the assignments rejected by L,,.

In any nonnegative decomposable probabilistic circuit for p,,, replace each univariate input function
by its Boolean support, discard zero-weight terms, and replace sums and products by OR and AND.
The result is a DNNF for the support of p,,, namely —L,,, with only constant-factor overhead. Lemma 2
therefore gives the lower bound 20 (n?), O

Squared structured-decomposable PCs and their generalizations [49, 50, 79, 81] can therefore be
superpolynomially more succinct than unstructured nonnegative decomposable PCs. Indeed, the circuit
C constructed above computes a Boolean indicator, so (1 — C(z))? =1 — C(x). The standard structured
squaring construction has only polynomial overhead, so the quasipolynomial separation survives [49].

5.4 Automata and grammars

An unambiguous finite automaton may make nondeterministic choices, but has at most one accepting com-
putation on each word. Complementing an unambiguous finite automaton can require a superpolynomial
increase in size, even when the output may be nondeterministic [32, 62].

13The general decomposable separation may also follow from the construction of Cavalar et al. [17, Theorem 1.1]. However,
this implication has not previously been stated in the literature.
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We allow the complement a more expressive representation: a context-free grammar. Even with this
freedom, the complement of a language with a small unambiguous finite automaton can require a large
description.

A right-linear grammar has rules A — bB, A — b, or A — ¢, where A, B are nonterminals and b is an
input symbol. It is unambiguous if each generated word has one parse tree. We count grammar size as
the number of rules plus the number of symbol occurrences on their right-hand sides.

For infinite languages, an unambiguous context-free language can have a complement that is not
context-free [35]. At a fixed finite length, a grammar for the complement always exists; the question is its
size. Mengel and Vinall-Smeeth left open whether complementation is hard for unambiguous context-free
grammars over finite languages [52, Section 5]. We obtain a quasipolynomial lower bound even for
right-linear grammars, allowing the complement grammar to be ambiguous.

Grammar complementation v GrammarComplementation: grammar_complementation

Corollary 37. For arbitrarily large m, there is a language £ C {0,1}", with N = O((logm)?),
that has an unambiguous right-linear grammar of size O(m). Every context-free grammar H that
represents the complement of L on words of length N, that is,

L(H)n{0, 1} = {0, 1}V \ £,

has size m®1°8™)  The grammar H may be ambiguous and behave arbitrarily at other word lengths.

. J

Proof outline. Put L,, = {x1 -2y : L,(z) = 1}, where N = 60n?. Complete the term OBDDs from
Corollary 34 so that every accepting path reads all N positions. Reading bits as symbols and guessing the
term gives an unambiguous finite automaton of size 20", Viewing states as nonterminals and transitions
as productions gives a right-linear grammar of the same asymptotic size. Accepting runs and parse trees
correspond one to one, preserving unambiguity.

On words of length N, a context-free grammar of size h gives a DNNF of size (h + N)°() [41, 61].
First split long right-hand sides into binary productions, with linear size overhead. A parsing chart
then records which nonterminals can generate which intervals of the word. It joins adjacent intervals
by AND gates and combines alternative derivations by OR gates [83]. The intervals joined by an AND
gate have disjoint positions, giving decomposability. Unrolling the chart for as many rounds as it has
entries accommodates empty productions and cycles with polynomial overhead. Applied to H, this circuit
computes —L,,. Since N = 60n?, Lemma 2 gives h = 20(n?) O

In database theory, factorized representations describe sets of tuples using shared unions and Cartesian
products [56]. Kimelfeld, Martens, and Niewerth introduce an unnamed variant, identify it with grammars
for fixed-length languages, and discuss complementation as an operation on these representations [45].
Through their size-preserving correspondence, Corollary 37 gives a quasipolynomial lower bound for
complementing deterministic unnamed factorized relations, even when the output need not be deterministic.

Removing unambiguous choice. A deterministic pushdown automaton (DPDA, with one-way input)
is a finite-state machine with a stack: it can push and pop symbols at the top of the stack, but cannot make
nondeterministic choices [38]. The stack lets it recognize languages such as balanced parentheses. Every
language recognized by a finite automaton also has a DPDA; the question here is how succinctly it can be
represented. Can stack memory efficiently replace unambiguous choices? Schmidt listed this succinctness
comparison as open in 1978 [72, Table 3.1]. The following corollary shows that even unrestricted stack
memory cannot always avoid a superpolynomial increase in description size.

A DPDA may update the stack without consuming an input symbol (epsilon moves). Acceptance is by
final state. Description size counts states, stack symbols, transitions and every symbol in a pushed string.
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Deterministic pushdown automata v PushdownAutomata: dpda_size_separation

Corollary 38. For arbitrarily large m, there is a finite binary language with an unambiguous finite
automaton of size O(m), whereas every DPDA recognizing that language has description size mfi(logm)

Proof outline. Ginsburg and Greibach [82] proved that deterministic context-free languages are closed
under complementation. We use a quantitative version: a DPDA of description size d has a context-free
grammar of size d°(M) for its complement. Our formalization constructs this grammar directly, using
nonterminals that summarize parts of a run.

For example, a popping nonterminal describes the input words that take the machine from a state p
with a stack segment v to a state ¢ just after removing that segment. The stack below it is untouched.
Other nonterminals describe rejecting runs. Grammar rules combine these summaries: when the top
symbol is popped, the run splits into the part that removes it and the part that processes the remaining
segment. Rules for a single stack symbol follow the machine’s transitions. If the machine cannot read the
next letter, including because it loops on epsilon moves, the rejecting nonterminal generates that letter
followed by any word. Empty-input cases are recorded separately.

Only single stack symbols, suffixes of pushed strings, and the empty segment are needed, giving O(d)
segments. Combining these with states and the finitely many summary types gives polynomially many
nonterminals and rules. Lean verifies that the summaries generate precisely the words they describe, that
the start symbol generates the complement, and that the grammar has polynomial size.

For a DPDA recognizing L£,,, the preceding grammar lower bound therefore forces d©(*) > 29("2), and
hence d = 2%("*). The preceding proof also supplies an unambiguous finite automaton of size 20, [

6 Conclusion

Negation can turn a compact d-DNNF into a function requiring quasipolynomially larger DNNFs. Dropping
determinism from the output does not avoid this increase. The proof combines an unambiguous DNF,
a four-bit function, and a linear transformation: together they preserve a small representation of the
function while obstructing every balanced rectangle cover of its zeros. Because the obstruction concerns
the set of zeros, it also applies to representations that assign arbitrary positive weights to the complement.
This connects the logical separation to the arithmetic and probabilistic consequences.

The separation also has consequences for automata and grammars. A small unambiguous finite
automaton can recognize a language whose complement requires a quasipolynomially larger context-
free grammar, even allowing ambiguity. Recognizing the original language deterministically can also
require a quasipolynomially larger description, even with an unbounded stack. Through the grammar
correspondence, the complement lower bound also applies to deterministic unnamed factorized relations.

Readers may wonder how our result relates to decision-DNNF's, which restrict disjunctions to variable
decisions [37]. Appendix C shows, using existing results, that their negations have polynomial-size general
d-DNNFs, so our lower bound does not apply to these inputs. It also shows that matching quasipolynomial
upper and lower bounds for negation within decision-DNNF follow from existing results in the literature.

The precise cost of negating a d-DNNF remains open for both DNNF and d-DNNF outputs. Our
quasipolynomial lower bound applies to both. For each output language, neither a matching quasipolyno-
mial upper bound nor an exponential lower bound is known. The answers may differ: negations could
potentially admit quasipolynomial-size DNNFs while sometimes requiring exponentially large d-DNNFs.
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A The Lean trust boundary

This appendix gives a self-contained formal statement of the nonclosure claim. Readers need to check that
these definitions and the theorem statement express the intended mathematical claim. If they do, Lean’s
verified proof establishes the claim, assuming the correctness of Lean’s kernel and its standard axioms
propext, Classical.choice, and Quot.sound. The source code is available in the Lean repository.

A.1 Nodes and circuits

A circuit with m nodes will number them 0,...,m — 1. Lean writes Fin m for precisely this set of m
positions. A value of type Node Var m describes the node stored at one position, where Var is the type of
variable names:

Node types Lean: TrustBoundary

inductive Node (Var : Type) (m : N)
| const (b : Bool)
| 1it (x : Var) (b : Bool)
| and (children : Finset (Fin m))
| or (children : Finset (Fin m))

The first constructor is a Boolean constant. The second is a literal: 1it x b is true exactly when
variable x has value b. Negation occurs nowhere else, so every circuit is in negation normal form. The last
two constructors store the finite set of child positions of an AND or OR node; Finset (Fin m) is the
type of finite sets of positions. Thus both kinds of internal node have arbitrary finite fan-in, and, since a
set has no repeated element, no position is a child of the same node twice.

Three functions describe one node in terms of its child positions. The first returns the set of those
positions, empty for a constant or a literal:

Child pOSitiOl’lS Lean: TrustBoundary
variable {Var : Type} {m : N}
def children : Node Var m — Finset (Fin m)
| const _ => 0
lit _ _=>(

|
| and children => children
| or children => children

abbrev ChildPosition (n : Node Var m) := {j // j € n.children}

The variable line introduces implicit parameters shared by the three definitions in this section. They
live in the namespace Node. A value of type ChildPosition n packages a position together with proof
that it belongs to n.children.

Truth. Node.evalLocal evaluates just one node. Its first input v assigns Boolean values to variables.
Its second input child supplies the already computed truth value of each child.
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Evaluating one node Lean: TrustBoundary

def evallLocal (n : Node Var m) (v : Var — Bool)
(child : ChildPosition n — Bool) : Bool :=
match n with
| const b => b
| 1it x b => v x ==
| and _ => decide (V j, child j = true)
| or _ => decide (3 j, child j = true)

In the last two cases, j ranges over this node’s child positions. The underscore in the pattern means
that the set of children is not named again: n already fixes it. The operation decide returns the Boolean
truth value of the finite quantifier: an AND node is true exactly when every child is, and an OR node
exactly when some child is.

Variables. The local support function has the same shape. This time child supplies the set of variables
mentioned at an actual child, and Node.supportLocal takes their union:

Variables of one node Lean: TrustBoundary

def supportlocal [DecidableEq Var] (n : Node Var m)
(child : ChildPosition n — Finset Var) : Finset Var :=
match n with

| const _ => 0

| 1it x _ => {x}

| and _

| or _ => Finset.univ.biUnion child

Finset Var is the type of finite sets of variables. The assumption [DecidableEq Var], that equality
of variable names is decidable, is what Lean needs to form unions of such sets; it holds for N. Finset.univ
is the set of all packaged child positions of this node, and biUnion child takes the union of child j
over its elements j. This is syntactic support, not semantic dependence: a circuit may mention a variable
even if its output ultimately ignores that variable. DNNF decomposability is defined using this syntactic
notion.

A finite shared circuit. A circuit is now a numbered table of nodes in topological order, together
with one distinguished output position:

Circuit representation Lean: TrustBoundary

structure Circuit (Var : Type) where
nodeCount : N
node : Fin nodeCount — Node Var nodeCount
children_1t : V i, V j € (node i).children, j < i
output : Fin nodeCount

If several parent nodes name the same position, they share one node rather than receiving separate
copies. The strict decrease in children 1t prevents directed cycles. Consequently this is a shared directed
acyclic graph, not an unfolded formula tree. The field nodeCount counts the stored positions, including
unreachable ones. Circuit size counts edges plus one, so even a single constant or literal has size one:

def edgeCount (C : Circuit Var) : N :=
> i, (C.node i).children.card

def size (C : Circuit Var) : N := C.edgeCount + 1

The added one can be viewed as an output wire. Each child reference is counted once; sharing a child
does not duplicate its internal edges. Removing unreachable nodes cannot increase size.
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Truth at a position. The value of the node at position i is obtained by evaluating that node with the
values of the positions below it, computed by the same function:

Recursive evaluation Lean: TrustBoundary

variable {Var : Type}

def eval (C : Circuit Var) (v : Var — Bool) (i : Fin C.nodeCount) : Bool :=
(C.node i).evallocal v fun j + C.eval v j.1

termination_by i.val

decreasing_by
exact C.children_1t i j.1 j.2

Here C.node i is the node at position 4, and fun j + C.eval v j.1 supplies its local evaluation
with recursively computed child values. The component j.1 is the child’s position, and j.2 proves that it
belongs to this node’s children. The line termination by i.val specifies the position’s natural-number
value as the decreasing quantity; children 1t uses the membership proof to establish j.1 < i and justify
the recursive call.

Variables at a position. The variables mentioned at or below a position are collected by the same
recursion:

Recursive variable support Lean: TrustBoundary

def support [DecidableEq Var] (C : Circuit Var) (i : Fin C.nodeCount)
Finset Var :=
(C.node i) .supportLocal fun j ~ C.support j.1
termination_by i.val
decreasing_by
exact C.children_1t i j.1 j.2

The same membership proof justifies each recursive support call. Consequently C.support i is exactly
the finite set of variables occurring at or below position 1.

A.2 The computed function and the circuit classes

The computed function. The circuit computes a Boolean function by reading its distinguished output
position:

The computed function Lean: TrustBoundary

def Computes (C : Circuit Var) (f : (Var — Bool) — Bool) : Prop :=
V v, C.eval v C.output = f v

Computes says that the value at the output position equals £ v on every assignment.

Decomposability. At an AND node, every two distinct child subcircuits must mention disjoint sets of
variables:

Decomposability Lean: TrustBoundary

def IsDecomposable [DecidableEq Var] (C : Circuit Var) : Prop :=
V i children, C.node i = .and children —
V left € children, V right € children, left # right —
Disjoint (C.support left) (C.support right)
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Determinism. At an OR node, two different children must never both evaluate to true:

Determinism Lean: TrustBoundary

def IsDeterministic (C : Circuit Var) : Prop :=
V i children, C.node i = .or children —
V left € children, V right € children, left # right —
V v, (C.eval v left && C.eval v right) = false

The expressions .and children and .or children abbreviate the corresponding Node constructors.
Since children is a set, left and right with left # right range over every pair of different children,
and no child can be paired with a second copy of itself.

The two circuit classes Lean: TrustBoundary
def IsDNNF [DecidableEq Var] (C : Circuit Var) : Prop :=

C.IsDecomposable

def IsDeterministicDNNF [DecidableEq Var] (C : Circuit Var) : Prop :=
C.IsDecomposable A C.IsDeterministic

A.3 The exact Lean claim
The last declaration in the file states nonclosure using the definitions above:

The nonclosure statement Lean: TrustBoundary

def NotClosedUnderNegation : Prop :=
VdM: N,
d C : Circuit N, C.IsDeterministicDNNF A
¥V D : Circuit N, D.IsDNNF —
D.Computes (fun v +— !C.eval v C.output) —
M * C.size = d < D.size

Read the quantifiers from the outside inward. For every proposed exponent d and factor M, Lean
supplies a d-DNNF (. Every DNNF D for its pointwise complement must then satisfy |D| > M|C|%.

Why the quantifiers say non-closure

polynomial closure: 3d,M VC 3D : |D| < M|C|4,
its negation: Vd,M 3C VD: |D| > M|C|%.

C ranges over d-DNNFs and D ranges over DNNFs computing their complements.

This monomial formulation captures every polynomial size bound. For any polynomial p, one can
choose d and then enlarge M so that p(s) < Ms? for every integer s > 1, including the finitely many
small sizes.
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Two details complete the audit:

1. fun v + !C.eval v C.output is the pointwise complement of the output of C: ! is Boolean negation,
so D must be false exactly where C' is true, on every assignment v : N — Bool.

2. Both circuits use variable names in N, so they receive assignments on the same domain. Each mentions
only finitely many variables; D may mention others, but must still compute the complement on every
assignment. Node positions are private to each circuit; the bound compares their sizes, counting edges
plus one.

The exported theorem in NegationNotClosed.lean has exactly this type:

Proved nonclosure theorem v Lean: NegationNotClosed
theorem dDNNF_not_closed_under_negation : NotClosedUnderNegation

The proof is free to introduce other circuit representations and transport between them. Those

constructions are checked by Lean’s kernel and add no assumptions to this theorem. For semantic auditing,
the definitions and statement displayed above are the complete interface that matters.

Formalization statistics. The core formalization comprises 36 Lean modules and 10,269 source lines,
including comments. With Mathlib precompiled, a fresh build took about 300 seconds on a single CPU
thread to formally verify our non-closure claim.

B Proof details

B.1 Padding the hard function
We prove Theorem 1 assuming Lemma 2.

Proof. Choose constants a,b > 0 so that, for all sufficiently large n, Lemma 2 supplies a d-DNNF for
L,, of size at most 2™ and a DNNF lower bound 2bn® for —L,. Choose a fixed integer ¢ > a. Set the
padded input length to m,, = 2°* and put g, = m,, — N. Add a block of ¢, fresh bits y € {0,1}% that
the function does not use:

Hn(*’%@/) = Ln(x)'

For sufficiently large n, we have m,, > N, so g, > 0. The same d-DNNF computes H,,, and
d-DNNF-size(H,,) < 29" < m,,.

Now suppose C' is a DNNF for = H,,. Fix every added variable y to 0, meaning the all-zero string 09~.
Substituting constants and simplifying gates preserves decomposability and cannot increase circuit size.
The restricted circuit computes —L,,. Therefore

|C| > 20",
Since log, m,, = cn, this lower bound can be rewritten as
2lm2 _ 2b((10g2 mn)/c)® _ 2(1)/02)(10g2 mn)? _ 2((b/c2) log, mn) logy Moy,
— (2log2 mn) (b/c?) logy man _ mglb/cr") logy my mg(log my) ]

Thus the exponent of m,, is itself proportional to logm,,, which is exactly the displayed quasipolynomial
form.

To see the closure conclusion directly, suppose that a polynomial p bounded the size of every negated
d-DNNF. For some fixed k, we have p(s) < m* whenever s < m,, and n is sufficiently large. Applying

this to the displayed d-DNNF for H,, would give a DNNF for —H,, of size at most mfl. This contradicts

the lower bound m{/<)1%€2™ onee (b/c?)logy my, > k. O
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B.2 An algebraic derivation of the local inner products

We prove the local inner-product formulas in Lemma 15 without checking the sixteen parameters sepa-
rately.™

Proof. Let dp(w,w’) be 1 when w = w’ = 00 and 0 otherwise. The two tables can be written as

o (w,w') = ((5 1)te), (B.1)

1
12
12 (w, w)+ s+ 48( I)Q(w’w).

wo(w,w'") =

At £ = (00,00), every dot product in the exponent is zero, so every entry of the parity vector is 1. The
inner products are therefore the total weights from Definition 10:

<wg,par<00’00)> =1, <’W'1, P?ﬂ'(oo.oo)> =1L

Now suppose £ # (00,00). In the formula for each inner product, the constant function contributes
0 by (3.4). The 0y term contributes only at z = (00,00), where the parity sign is 1. To calculate the
contribution of (—1)¥, write & = (¢/,¢”), where both entries are two-bit vectors. Adding ¢” to w and ¢’
to w’ permutes the sixteen pairs. The dot products between these entries use two bits, while ¢ - (w, w")
uses all four. Expanding @) at the shifted pair gives

Quw+&"w +¢&)=w-w +& w4+ w4+ -¢"
=Q(w,w)+ & (w,w') +Q(§) (mod 2).

Since addition is modulo two, moving Q(§) to the other side gives the sign identity

(_1)Q(u:,w')—i—f-(w,w') _ (_1)(2(5) (_1)(2(1u+£",1z;'+§’).

The shifted pairs range over all of V', so their gadget outputs still contain the ten zeros and six ones shown
in the table of Q). The sign (—1)9() is independent of the pair, and therefore

Z (,1)52(w,w/)+5'(%w/) _ (,1)(2(5)(10 —6) = 4(,1)@(5)_
(w,w")eV

The parity entries sum to 0, the parity entry at zero is 1, and the quadratic contribution is the sum just
computed. Thus (B.1) gives

1 1
<w1,par§> 72(0 4( )(2(5)) — _g(_l)(3(5)7
7 1 1 7 1
. N == Q® = L 4~ (_1\Q©),
(wo,pare) = 7514 g -0 g 410 = 54+ 5(=1)

Reading these two expressions according to whether (&) is 0 or 1 gives the two remaining cases in the
lemma. O

B.3 From a DNNF to a balanced rectangle cover

Lemma 28 follows from Bova, Capelli, Mengel, and Slivovsky [10, Theorem 6]: a binary DNNF has a
balanced rectangle cover of its satisfying assignments with at most as many rectangles as gates. We only
need to accommodate arbitrary fan-in and unused input positions.

MRelated calculations for quadratic Boolean functions can be found in Carlet [16, Section 6.1.15].
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Preparing the circuit. Let D be a DNNF of size s computing —1,,. Interpret empty AND and OR
gates as 1 and 0, propagate constants, bypass unary gates, and delete gates that do not reach the output.
These operations preserve the function and decomposability without increasing size. If at most one
variable remains, put it on one side of any balanced partition. The other positions are unrestricted, so at
most one rectangle suffices. This also covers constant functions.

Replace each remaining gate with more than two inputs by a binary tree of gates of the same kind.
At an AND gate this groups disjoint variable sets, so decomposability is preserved. Replacing a gate
with k inputs takes O(k) gates, and the sum of the original fan-ins is at most s. The resulting binary,
constant-free DNNF has O(s) nodes. The cited theorem gives a cover with O(s) rectangles.

Keeping all N input positions. The theorem balances each partition over the variables mentioned
by the circuit. Each side therefore has at most 2N /3 positions already. Distribute the unused positions
between the two sides so that each has between N/3 and 2N/3 positions. This is possible: fill either side
that has fewer than N/3 positions to that threshold, then distribute the rest without exceeding 2N/3.
Here N = 60n?, so the thresholds are integers. Allow both values at every added position. This preserves
the rectangle property and extends the cover to assignments on all [N].

The resulting O(s) balanced rectangles cover precisely the satisfying assignments of —L,,, which are
the zero-inputs of L,,. O
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C Negation of decision-DNNF's

A decision-DNNF is a d-DNNF that restricts disjunctions to variable decisions (x A f) V (-x A g), where
neither branch contains the variable x [37, Definition 2]. An FBDD uses only these decisions and constants.
Beame, Li, Roy, and Suciu [6, Corollary 3.2] give a quasipolynomial-time conversion of decision-DNNF's
into FBDDs. Swapping the terminal values then negates the FBDD without increasing its size. Thus a
decision-DNNF of size s can be negated in time s°(°8%) with the output still a decision-DNNF.

The reader might wonder how our result affects decision-DNNF circuits. Our separation does not
apply to these inputs: their negations have polynomial-size general d-DNNFs. Polynomial-time negation
within decision-DNNF has been listed as open [27, 44, 48]. However, a matching quasipolynomial lower
bound already follows by combining existing results.

Decision-DNNF negation

Proposition 39. Let C be a decision-DNNF of size s computing a Boolean function f.
(i) A general d-DNNF for —f of size O(s) can be constructed in O(s) time.

(ii) A decision-DNNF for —f can be constructed in time sOUogs) - For arbitrarily large s, there are

decision-DNNF's of size O(s) whose negations require decision-DNNF's of size s§2log )

Proof. General d-DNNF outputs. Discard nodes that do not reach the output, then replace each
conjunction by a binary tree of conjunctions. The construction adds only a constant number of edges
per original edge, so it takes O(s) time and produces a circuit of size O(s). Construct both polarities of
each gate, sharing them wherever they are reused. Complement constants and complement a decision by
complementing its two branches. For a decomposable conjunction of g and h, use

=(g A h) =gV (gA-h).

The disjunction is deterministic because its branches disagree on ¢, and the new conjunction is decomposable
because g and h use disjoint variables. Each gate of the binary circuit takes constant work and contributes
constantly many new edges, proving (i).

Decision-DNNF outputs. The upper bound is the FBDD simulation recalled above. For the
matching lower bound, Razgon’s separation [63, Theorem 5], expressed in terms of the input circuit
size, gives decision-DNNF's of arbitrarily large size s whose functions F' are positive 2-CNFs and require
FBDDs of size s°%(1°¢%) We show that a decision-DNNF for —F would also give an FBDD for F' with only
polynomial overhead.

Suppose that —F" has a decision-DNNF of size t. Negating the clauses of F' gives a DNF with two
negative literals per term. Complementing every input variable turns it into a monotone 2-DNF without
changing the decision-DNNF size. Beame, Li, Roy, and Suciu [6, Theorem 3.4] show that decision-DNNFs
computing monotone 2-DNF's can be converted to FBDDs with polynomial overhead. Undoing the input
complementation and swapping terminal values therefore gives an FBDD for F' of size t°(1). Razgon’s
lower bound therefore forces t0(1) > sf(log s), and hence t > s*(og 5)7 proving (ii). O
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